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物質科学と高エネルギー物理が拓く非平衡物理のフロンティア

平衡：半導体 非平衡：非線形デバイス
や LED

応用：コンピュータ etc

非平衡物理が大切な理由： 状態の劇的な変化と制御



非平衡物理が大切な理由： 状態の劇的な変化と制御

物質科学と高エネルギー物理が拓く非平衡物理のフロンティア

グラフェン

平衡：Dirac電子 非平衡：光誘起ホール効果
（フロッケ・トポロジカル絶縁体）

応用：
光コンピュータ
超高速エレクトロニクス？



物質科学と高エネルギー物理が拓く非平衡物理のフロンティア

物性実験 物性理論 高エネルギー物理

• 面白いサイエンス
• 出会いの場（人と人のつながり）
• 辞書
が必要

また、連携には

今日の話では次の３分野の連携を例に見ていく



革新的実験技術

アイデア

物質合成

物性物理の３つの柱

量子物質（ディラック・ワイル半金属等） 超高速分光、時間分解ARPES

光誘起相転移 (那須先生)

熱化、フロッケ・エンジニアリング、相制御、非エルミート制御

連携

分割・普遍化 （かみくだく）

• 冷却原子系
• 高エネルギー物理
• 数理物理・分類理論

→ 学術変革



時間分解角度分解光電子分光（ARPES)

Shen group @ Stanford

電子状態の観測と格子振動

2D Dirac電子
@ トポロジカル絶縁体（Bi2Se3）表面



時系列に分解

12

in the leading order of the field amplitude, where Aijk is the area enclosed by sites i, j, k. The interaction term
describes the modulation of the dielectric function proportional to the scalar chirality, when it is seen as a term in the
Hamiltonian of the electromagnetic field. From Equation 33, the modulation is obtained as an imaginary o↵ diagonal
part leading to the circular dichroism [70]

✏xy(!) = i
X

ijk

4|tij |2|tjk|2!(7U2 � 3!2)

U2(U2 � !2)3
Aijk

D
(Ŝi ⇥ Ŝj) · Ŝk

E
. (34)

Namely, one can read out the presence of the scalar chirality via the circular dichroism. Figure 8(c) shows the
di↵erence of the dielectric function between circularly polarized light with a di↵erent chirality.
Validity of the expansion and candidate materials: The e↵ective Hamiltonian approach is only valid in a time
scale shorter than that of heating. In Mott insulators, creation of doublon-hole pairs will make the system conducting
and destroy the spin picture. There are several sweet spots suitable for Floquet engineering in ultrafast spintronics.
(i) High frequency regime: When ⌦ exceeds both U and t, several doublon-hole pairs must be created simultaneously,
which is a slower process. Heating becomes exponentially slow in this case [63]. Candidate materials are organic Mott
insulators [106] since their energy scale is one order smaller compared to cuprates. (ii) Sub-gap regime ⌦ < �Mott:
This is an attractive regime since many Mott insulators have gaps around and above 1 eV [22], and one can use
mid-infrared lasers to access the spins.

When the field becomes stronger, charge excitation becomes nonnegligible due to higher order processes such as
multi-photon absorption, tunneling, and even electron avalanche. This is critical for spintronics application, but opens
a new possibility for a “photo-induced phase transition”, which we explain in the next section.

V. CORRELATED ELECTRONS DRIVEN BY ELECTRIC FIELDS

     During laser pulse 
Floquet states 
multi-photon absorption
and tunneling (Schwinger mechanism)

laser

Relaxation (electron + phonon)

coherent phonon pumping

doublon decay 

time (log)

lattice structural dynamics

prethermalization

thermalization

“d
is

ta
n
ce

” 
fr

o
m

 e
q
u
il

ib
ri

u
m

Franck-Condon
el-ph scattering

10

             Excitation
impurity state ionization
tunneling (Schwinger mechanism)

electric field

time (log)

“d
is

ta
n
ce

” 
fr

o
m

 e
q
u
il

ib
ri

u
m

THz pulse and non-linear transport  (Ω<<Δ
Mott

)

Carrier multiplication
electron avalanche (cascade)

On state

Off state

intra&inter
-band relaxation

Relaxation

pair annihilation, impact ionization

cooling by boson emission

oscillation

g.s.

1

5

8

4

3Floquet prethermalization
heating

ξ

UHB

LHB

photo-doping

g.s.

2

Ultrafast phenomena by short pulses

On state
Off state

Mott RRAM6

8
structural destortion
filament formation

7state

state

open system

open system

heating
heating

psfs

psfs

FIG. 9. Processes taking place in pump-probe experiments with ultra-short pulses and with longer pulses or non-linear DC
devices (lower panel). The blue italic keywords roughly correspond to the many-body processes explained in Section II C.

Ultrafast phenomena in strongly correlated electron systems driven by intense laser pulses have been studied during
the last decades starting from a pioneering work in organic molecular compounds [107, 108] and vanadium oxides
[109] that are associated with 1� structural lattice dynamics. In many cases, the structural change can be explained

Oka, Kitamura,  Annu. Rev. Condens. Matter Phys. 10, 387 (2019)

レーザー照射中

熱化

開放系としての振る舞い

非エルミート性フロッケ状態
トンネル励起

= 10-15 s = 10-12 s

数字については下の論文を参照



フロッケ状態（周期駆動系）

• 状態の制御
• 量子、古典
• 線形、非線形

Youtube
Kapitza’s pendlum



物性実験 物性理論
（場の理論）

高エネルギー物理
（超弦理論・重力）

Oka-Aoki 2009

固体電子系
Wang, Gedik et al. Science ’13
Mciver, et al. Nat. Phys. ‘20

冷却原子系
Jotzu, Esslinger et al. Nature ’14

2D Dirac + 円偏光

３D Dirac + 円偏光
Ebihara, Fukushima, Oka, 2016
Bucciantini, Roy, Kitamura, Oka, 2016
Takayoshi, Wu, Oka, 2020
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Figure 1. Schematic illustration of the Schwinger mechanism. (a) In static electric fields,

the quark-antiquark pair is created from the vacuum and are pulled away from each other

by the field. (b) In rotating electric fields, the created quark and antiquark rotate around

each other as they are separated.
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Figure 2. Schematic illustration of the solutions. (a) Minkowski embedding (insulator):

Quarks are confined and only meson excitation exists in the fermion sector. Because of the

rotating electric field, vacuum polarization is induced as a coherent excitation of mesons,

which rotates with the same frequency as the field. This rotation induces an oscillating

current. (b) Blackhole embedding (metal): Gapless excitation of quarks and anti-quarks

forms a plasma and the system is fully deconfined.

q̄ pairs can be created without any energetic cost and, thus, the system is always

in a metallic (conductive) phase [9] (Fig. 2 (b)), and an anomalous quantum Hall

state, i.e., a state where a current can be induced that flows perpendicular to the

applied electric field, was realized since the rotating electric field breaks time reversal

symmetry.

In this paper, we study the nonequilibrium steady state of strongly interacting

massive quarks in rotating electric fields. In the remaining of this section we sum-

marize our findings. The massive quark and antiquark in this system are bound to

each other by a potential that are linear in short range, becoming Coulomb like in

– 3 –

ホログラフィック・フロッケ状態

Hashimoto, Kinoshita, Murata, Oka, 2017
Kinoshita, Murata, Oka, 2018
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フロッケ理論 (ブロッホの定理)
時間周期系

~ m光子吸収

e: 擬エネルギー

フロッケハミルトニアンの固有値問題

由来

離散フーリエ変換



フロッケスペクトル: Dirac電子 + 円偏光

時間依存シュレディンガー方程式

truncated at m=0,+1, -1 for display

coupling to AC field



0-photon absorbed state

0-photon absorbed state

TO, Aoki 2009

kx

フロッケスペクトル: Dirac電子 + 円偏光



1-photon absorbed state

0-photon absorbed state

1-photon absorbed state

0-photon absorbed state

TO, Aoki 2009
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フロッケスペクトル: Dirac電子 + 円偏光



1-photon absorbed state

0-photon absorbed state

-1-photon absorbed state

1-photon absorbed state

0-photon absorbed state
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TO, Aoki 2009
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フロッケスペクトル: Dirac電子 + 円偏光



1-photon absorbed state

0-photon absorbed state

-1-photon absorbed state

1-photon absorbed state

0-photon absorbed state

-1-photon absorbed state

TO, Aoki 2009
フロッケスペクトル: Dirac電子 + 円偏光



2k

Dirac gap 

near Dirac point

1-photon absorbed state

0-photon absorbed state

-1-photon absorbed state

1-photon absorbed state

0-photon absorbed state

-1-photon absorbed state

TO, Aoki 2009
フロッケスペクトル: Dirac電子 + 円偏光



フロッケ・トポロジカル絶縁体

Oka, Aoki ’09,  
Lindner, Rafael, Galitski ’11, 
Kitagawa, TO, Fu, Brataas, Demler ’11

Dirac電子 + 円偏光 ＝ 量子ホール状態（Chern絶縁体）

円偏光照射によってトポロジーを制御

→ フロッケ・エンジニアリング



超高速エレクトロニクスへの応用

円偏光レーザー
McIver, et al. Nat. Phys. ‘20

グラフェン

ホール電流

ホール伝導率
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場の理論 重力

• ブラックホールの形成
• No-hair theorem
• 情報の喪失
• ブラックホールの消失

• 熱化
• カノニカル分布の普遍性
• 情報の喪失
（励起の詳細を忘れる）

• 輻射と緩和

ホログラフィ



場の理論 重力

c.f. reviews
Erdmenger et al. “Mesons in gauge/gravity duals”
夏梅誠「超弦理論の応用」

quark
(electron)

gluon
(Coulomb force)

qqmeson
(exciton)

anti-quark
(hole)

3D Dirac粒子＋ボソン 曲がった５次元時空の
非線形電磁気学

(a) E/Ω2 = 0: The Dirac point exists at !p = 0. The degeneracy of this point is 4.

(b)(c) 0 < E/Ω2 < 0.5: Four Weyl points exists. Two Weyl points came from the initial

Dirac point while the other 2 comes from the hybridized state between the 1 photon

absorbed and emitted states.

(d) E/Ω2 = 0.5: The two Weyl points vanish through pair annihilation with the emergent

Weyl points originating from the Floquet side bands.4 Two parabolic Dirac points

appear at px = py = 0, pz = ±0.5.

(e) E/Ω2 > 0.5: Gap opens at the Dirac points.

The full result is consistent with the perturbative result. Applying the rotating electric

field shifts the location of the Weyl points, and the Dirac point is separated into two Weyl

nodes.

3 Floquet state in AdS/CFT

3.1 Set up

In the previous section, we have argued that, in the weak coupling limit, the Floquet

Weyl semimetal can be created from the Dirac semimetal by a rotating electric field. Here,

we consider a similar set up in the strong coupling limit using AdS/CFT correspondence. As

a toy model of the strongly coupled field theory, we focus on N = 2 SU(Nc) supersymmetric

QCD at large Nc and at strong ’t Hooft coupling. Using AdS/CFT correspondence, N = 2

SQCD is realized by the probe D7-brane in AdS5 × S5 spacetime [28]. We expect that

quarks and antiquarks in this theory play the roles of electrons and holes in condensed

matter systems. Applying the rotating external electric field in the system, we will realize

the gravity dual of a Floquet state in N = 2 SQCD. We use the following coordinates for

the AdS5 × S5 spacetime as

ds2 =
ρ2 + w2

1 + w2
2

R2
[−dt2 + dx2 + dy2 + dz2]

+
R2

ρ2 + w2
1 + w2

2

[dρ2 + ρ2dΩ2
3 + dw2

1 + dw2
2] , (3.1)

where R is the AdS radius. Hereafter, we will take a unit of R = 1 to simplify the following

expressions.

Dynamics of the D7-brane is described by the Dirac-Born-Infeld (DBI) action,

S = −T7

∫
d8σ

√
−det[hab + 2πα′Fab] , (3.2)

4Pair annihilation of Weyl points with opposite chiralities is one way to deform the Weyl system.
Another mechanism is interaction: It was proposed that forward scattering can open a gap in the Weyl
spectrum [48].

7

hab: AdS metric

運動方程式（非線形マクスウェル方程式）

D3/D7系 Karch-Katz ‘02



地平線の形成と有効ホーキング温度

cf) BH形成 (Hawking-Page transition)

Hashimoto TO JHEP ‘13
boundary AdS direction

arrows = -z direction light cone

inside the BH

非線形マクスウェル方程式

光の向き（光円錐）

線形化

電場により変化
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Figure 2. Schematic illustration of the solutions. (a) Minkowski embedding (insulator):

Quarks are confined and only meson excitation exists in the fermion sector. Because of the

rotating electric field, vacuum polarization is induced as a coherent excitation of mesons,

which rotates with the same frequency as the field. This rotation induces an oscillating

current. (b) Blackhole embedding (metal): Gapless excitation of quarks and anti-quarks

forms a plasma and the system is fully deconfined.

q̄ pairs can be created without any energetic cost and, thus, the system is always

in a metallic (conductive) phase [9] (Fig. 2 (b)), and an anomalous quantum Hall

state, i.e., a state where a current can be induced that flows perpendicular to the

applied electric field, was realized since the rotating electric field breaks time reversal

symmetry.

In this paper, we study the nonequilibrium steady state of strongly interacting

massive quarks in rotating electric fields. In the remaining of this section we sum-

marize our findings. The massive quark and antiquark in this system are bound to

each other by a potential that are linear in short range, becoming Coulomb like in
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固体電子系
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フロッケ
擬エネルギー
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場の理論 重力

• 円偏光レーザーによる周期駆動
• ホール応答
• ギャップの制御（絶縁体・金属転移）

ホログラフィック・フロッケ・ワイル半金属
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Figure 6. Typical profiles of the D7-brane in the (ρ, w)-plane for E = 1 and Ω = 1. For

black hole embeddings, they are shown only outside the effective horizon.

1. The brane reaches ρ = 0, the axis of S3 wrapped by the D7-brane, and the

effective horizon does not exist. (i.e. no ρc satisfying Eq. (3.1) exists.)

2. The brane intersects with the effective horizon at ρ = ρc before it reaches the

axis.

3. The brane reaches the axis which coincides with the locus of the effective hori-

zon, namely ρc = 0.

The brane embeddings in the cases 1, 2 and 3 are called “Minkowski embeddings”,

“black hole embeddings” and “critical embeddings”, respectively [65–67].

Figure 6 shows typical profiles of the D7-brane for the black hole, Minkowski

and critical embeddings in the (ρ, w)-plane. We fix the electric field and its angular

velocity as E = 1 and Ω = 1. Asymptotic position of the brane corresponds to the

quark mass. (See Eq. (2.9).) The trajectory of the effective horizon emerging on the

D7-brane for fixed E = Ω = 1 is shown by the black curve in the bulk spacetime.

(Note that there is no horizon in the bulk spacetime.) For the black hole embeddings,

we only show brane profiles outside the effective horizon although they are actually

extending even inside the horizon. Note that the D7-brane solution inside the horizon

cannot affect the physical quantities in the boundary theory, which are determined

by behavior of the solutions at the AdS boundary [19]. (See Refs. [11, 12] for typical

profiles of D7-branes inside the horizons.) For static electric fields Ω = 0, it is

known that the trajectory of the effective horizon is given by a circle: w2 + ρ2 = E

for a fixed E [11, 12, 19]. In this figure, by the effect of non-zero Ω, the trajectory

expands and is slightly deformed from the round circle.
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Figure 6. ”conductive phase”を”metallic phase”に、”Insulator phase”を”insulator

phase”に Nonequilibrium phase diagram in the (Ω/m,E/m2)-space. The phase bound-

ary (solid line) is given by a family of critical embedding solutions. The region above the

solid line is in the metallic phase and that below is the insulator phase. The dashed curve

represents E/m2 = 2
π (Ω/m)−2.

the axis ρ = 0, and for the black hole embedding b0 and w0 at the effective horizon

ρ = ρc, where ρc =
√
Ωb0 − w2

0. Using the scaling invariance, we can set one of the

parameters to unity without loss of generality 6. This means that the phase diagram

of our system can be described by a two-parameters family of solutions.

Figure 6 shows a phase diagram in the parameter space (Ω/m,E/m2). The

critical embeddings (solid curve) correspond to a phase boundary of the insulator

and conductive phases, so that they provide the critical electric fields to cause the

dielectric breakdown. The region above the curve indicates the metallic phase while

that below indicates the insulator phase. We see the lobe-shaped phase structure, i.e.,

the insulator phase is separated into infinite but discrete regions similar to a lobe

(leaf). We can see that “lobes” become thinner as the frequency becomes larger.

Its height is well described by the power-law Ω−2. Red points on the horizontal

axis are mass spectrum of mesons in N = 2 SQCD: Ωmeson/m = 2
√
(n+ 1)(n+ 2)

(n = 0, 1, 2, . . .) [61]. The critical embedding solution (solid curve) touches the

horizontal axis at discrete points smaller but very near the meson mass frequencies.

We refer to this frequency as the critical frequency and denote it as Ωc. The numerical

values of the critical frequencies and meson mass spectrum are given by

Ωc/m = 2.6828, 4.6985, 6.7147, 8.7275, · · · ,

Ωmeson/m = 2.8284, 4.8990, 6.9282, 8.9443, · · · ,
(4.1)

6In our numerical calculation, we set Ω = 1.
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Figure 1. Schematic illustration of the Schwinger mechanism. (a) In static electric fields,

the quark-antiquark pair is created from the vacuum and are pulled away from each other

by the field. (b) In rotating electric fields, the created quark and antiquark rotate around

each other as they are separated.
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Figure 2. Schematic illustration of the solutions. (a) Minkowski embedding (insulator):

Quarks are confined and only meson excitation exists in the fermion sector. Because of the

rotating electric field, vacuum polarization is induced as a coherent excitation of mesons,

which rotates with the same frequency as the field. This rotation induces an oscillating

current. (b) Blackhole embedding (metal): Gapless excitation of quarks and anti-quarks

forms a plasma and the system is fully deconfined.

q̄ pairs can be created without any energetic cost and, thus, the system is always

in a metallic (conductive) phase [9] (Fig. 2 (b)), and an anomalous quantum Hall

state, i.e., a state where a current can be induced that flows perpendicular to the

applied electric field, was realized since the rotating electric field breaks time reversal

symmetry.

In this paper, we study the nonequilibrium steady state of strongly interacting

massive quarks in rotating electric fields. In the remaining of this section we sum-

marize our findings. The massive quark and antiquark in this system are bound to

each other by a potential that are linear in short range, becoming Coulomb like in
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(n = 0, 1, 2, . . .) [61]. The critical embedding solution (solid curve) touches the
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We refer to this frequency as the critical frequency and denote it as Ωc. The numerical

values of the critical frequencies and meson mass spectrum are given by
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物質科学と高エネルギー物理が拓く非平衡物理のフロンティア

まとめ

振動秩序 (Floquet condensate)、フロッケ時間結晶

• フロッケ状態、非エルミート状態のトポロジーの分類理論

• 非平衡系特有の秩序状態
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Figure 2. Schematic illustration of the states in the phase diagram Fig. 3. (a) Insulator

phase: Only mesons and gluons can be excited since the quark-antiquarks are gapped.

Vacuum polarization is induced as a collective excitation of mesons and follows the external

rotating electric field. This induces a non-dissipative rotating current, i.e., polarization

current, in the xy-plane with no Joule heating. (b) Conductive phase: Gapless excitation

of quarks and antiquarks is possible and a current is induced by the external field. The

current is dissipative with finite Joule heating. (c) Vector meson Floquet condensate: An

insulator solution that has a coherently rotating current even when the external electric

field is absent.

In the case of QCDs, vacuum polarization is nothing but a coherent excitation of

vector mesons 〈ψ̄γiψ〉. In the insulator phase, by applying a rotating electric field,

the polarization #P will follow it as #P ∝ #E . The insulator phase of D3/D7 is a perfect

insulator and the DC-conductivity is zero. However, in a time dependent field, a

polarization current can exist given by the time derivative of the polarization

Jx + iJy = 〈ψ̄(γx + iγy)ψ〉 = |J |eiΩt−iδ . (1.2)

This is perpendicular to the electric field, i.e., δ = π/2. Here, δ is introduced to

generically parameterize the phase delay of the current relative to the electric field.

In the insulator phase, since the current is always perpendicular to the electric field,

Joule heating is absent and the system is dissipation-less. A time dependent oscillat-

ing condensate such as Eq. (1.2) is generically found in periodically driven systems

and is called the Floquet condensate [38]. A prominent example studied theoreti-

cally in condensed matter physics is the superconducting order in periodically driven

lattice models [39–42]. Thus, in this article, we call the time periodic condensate

expressed as Eq. (1.2) the electric field induced Floquet condensate of vector mesons.

However, this state in the insulator phase is nothing special nor surprising; It is a

state where the order parameter is induced by an external field. A similar example

would be a paramagnet in an oscillating magnetic field where the magnetization will

simply follow the field.

When the field strength exceeds a threshold critical value, an insulator-to-conductor

transition (i.e., dielectric breakdown) takes place. In the conductor phase, as illus-
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FIG. 4. 3D massless Dirac fermion: (a)-(c) The production probability Pξ(q̃) for chirality ξ = + plotted for several field
strength parameters (a) Ã = veE/Ω2 = 0.001, (b) Ã = 1/8, and (c) Ã = 10. They are rotationally symmetric around the k̃z
axis and the probability for particles with chirality ξ = − is reflected as k̃z → −k̃z. The solid black curve denotes wavenumber
at which perfect tunneling occurs (Eq. (8)). The lower panels show the fermion-antifermion pairs on the Dirac cone E = ±

√
|q̃|

for fixed k̃y = 0. (d) The total production rate and chiral current are plotted as blue and red solid curves while the dashed
lines represent their asymptotic power law behavior Eqs. (14) and (15).

with the 3D wavenumber q = (k, kz), A =
A(− sin(Ωt), cos(Ωt), 0). γ̂µ (µ = 0, x, y, z) are the

gamma matrices γ̂0 =

(
0 I
I 0

)
, γ̂j =

(
0 σ̂j

−σ̂j 0

)
(j =

x, y, z). This Hamiltonian is divided into two sectors
designated by ξ = ±, each of which corresponds to
the Weyl Hamiltonian Eq. (3) with the identification
m = vkz. Below, we assume that the Fermi energy
is at the Dirac point and exploit the scaling symme-
try rewriting the model with variables t̃ = |Ω|t and
q̃ = vq/|Ω|. Then we can set the frequency |Ω| to unity
and Ã = veA/|Ω| = veE/Ω2 is the unique scaling param-
eter that characterizes the field strength. In Figs. 4(a)-
4(c), we plot the production probability Pξ(q̃) for ξ = +
and Ω > 0 evaluated by setting m = vkz in Eq. (4). It
is rotationally symmetric around the k̃z axis. The pro-
duction probability shows peaks around the wavenumber
satisfying the perfect tunneling condition Eq. (8) plotted
as black solid curves. For each cross section, Eq. (8) de-
fines a circle centered at (|k̃|, k̃z) = (Ã, 1/8) with a radius
1/8. A crossover occurs at

Ãc = 1/8, (13)

where for Ã < Ãc the circle is incomplete and approaches
a semicircle in the small Ã limit, while it is complete for
Ã ≥ Ãc. The width of the distribution around the peak
is a Gaussian with a width scaling as Ã1/2. We note
that the distribution for the ξ = − chirality particles is
a reflection of ξ = + around the k̃z = 0 plane.
We define the total production rate and the currents

along the z axis as Γ3D
ξ = |Ω|4

(2π)4v3

∫
dq̃Pξ(q̃) and Jz

ξ =

− 2eτ |Ω|4
(2π)4v2

∫
dq̃ k̃z√

k̃
2
+k̃2

z

Pξ(q̃), respectively, where τ is the

lifetime of the pairs [35]. We define the total (chiral)

production rates as Γ3D
tot = Γ3D

+ +Γ3D
− (Γ3D

5 = Γ3D
+ −Γ3D

− ),
and the total (chiral) currents as Jz

tot = Jz
+ + Jz

− (Jz
5 =

Jz
+ − Jz

−). Due to the symmetry ξ → −ξ, kz → −kz,
of Pξ(q̃), Γ3D

5 = Jz
tot = 0 holds. We plot Γ3D

ξ and Jz
5

in Fig. 4(d). The quantities show a crossover around
Ã = Ãc between two different power law behaviors

Γ3D
tot

/( |Ω|4

v3

)
→

{
1

3(4π)3 Ã
1/2 (Ã/Ãc $ 1)

2
(2π)3 Ã

2 (Ã/Ãc % 1)
(14)

Jz
5

/(−eτ |Ω|4

v2

)
→

{
sgn(Ω)
2(4π)3 Ã

1/2 (Ã/Ãc $ 1)
sgn(Ω)
(2π)3 Ã1 (Ã/Ãc % 1),

(15)

These limiting behaviors can be understood from the
excitation distribution Figs. 4(a) and 4(c) [35]. In 3D
Dirac materials, the chiral fermions are spin polarized,
and the chiral current can be interpreted as spin current.
Thus, our calculation predicts a spin current generated
in the propagation direction of the circularly polarized
laser [42].

We comment on the possibility of having a total charge
current Jz

tot. This is possible if the chiral symmetry is
broken. For example, in magnetic Weyl semimetals, the
Weyl point of one component is near the Fermi energy
while the other is far away [43, 44]. In such situations,
excitations in the fully occupied or empty chirality will be
forbidden and the charge current, along with the chiral
current, become finite. This situation has been studied
theoretically within second order perturbation [31] and
experimentally [45, 46].

Summary and discussion– We studied the implication
of nonadiabatic geometric effects in the Schwinger effect
induced by rotating electric fields. The twisted LZ model
serves as a minimal model to understand the underly-
ing physics analytically. Two condensed matter applica-

生成される粒子分布
はカイラル対称性を破る

as

a(t, ρ) = −
∫ t

dt′E(t′) + J (t)

2ρ2
+

Ė(t)
2ρ2

ln

(
ρ

ρ0

)
+ · · · , (2.7)

w(t, ρ) = m+
c

ρ2
+ · · · , (2.8)

where ρ0 is a constant with the dimension of length and the dot denotes a t-derivative.

E(t),J (t) ∈ C and m, c ∈ R are expansion coefficients, which depend on time in

general.5 They are related to the electric field ESQCD(t), electric current JSQCD(t),

quark mass mq and quark condensate 〈Om〉 in the boundary theory by

ESQCD(t) =

(
λ

2π2

)1/2

E(t) , JSQCD(t) =
Nc

√
λ

25/2π3
J (t) ,

mq =

(
λ

2π2

)
m , 〈Om〉 = −Nc

√
λ

23/2π3
c .

(2.9)

Note that we use the complex notation for the electric field and current: real and

imaginary parts of E and J correspond to x- and y-components of the electric field

and current, such as E = Ex + iEy and J = Jx + iJy.

2.2 Co-rotating frame and reduction to an 1-dimensional problem

We focus on the rotating external electric field that is described by

E(t) = EeiΩt , (2.10)

where E is a complex constant whose argument represents the initial direction of the

electric field at t = 0. The electric field rotates anti-clockwise with a frequency Ω in

the (x, y)-plane. From Eq. (2.7), the boundary condition for the gauge field a at the

AdS boundary ρ = ∞ becomes

a|ρ=∞ =
iE

Ω
eiΩt . (2.11)

We define two real variables b(t, ρ) and χ(t, ρ) as

a(t, ρ) = b(t, ρ)ei[Ωt+χ(t,ρ)] , (2.12)

where b and χ represent the amplitude and the phase for a, respectively. For new

variables b and χ, the boundary condition becomes time-independent as

beiχ|ρ=∞ =
E

Ω
. (2.13)

5 For the rotating electric field, we will see that w(t, ρ) can be time-independent. Therefore, we
have dropped the argument t for m and c.
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The Schwinger effect, i.e., pair production of
particles from the vacuum in electric fields, is per-
haps one of the oldest theoretical predictions in
quantum field theory [1–3]. Here, we consider
a “twisted” version of this effect in Dirac sys-
tems driven by strong rotating electric fields. The
curvature in the field trajectory leads to nona-
diabatic geometric effects that drastically change
the pair distribution depending on the chirality of
the particles. The Schwinger limit, which is the
tunneling threshold, even vanishes for particles
with an optically allowed chirality. These effects
are explained through the twisted Landau-Zener
model proposed by M. V. Berry providing an an-
alytical understanding in terms of the geometric
amplitude factor [4]. As a condensed matter re-
alization, we predict a nonperturbative extension
of the optically induced valley polarization in 2D
Dirac materials. Furthermore, in 3D Dirac mate-
rials with spin-orbit coupling, we predict genera-
tion of a nonlinear spin current in the direction
of the laser propagation.

Creation of fermion-antifermion pairs in strong electric
fields have been studied in several branches of physics and
is known by different names, such as the Schwinger effect
in nonlinear quantum electrodynamics [1–3, 5, 6], or di-
electric breakdown of insulators in solid state physics [7–
10]. Despite the different energy scales, they can be un-
derstood with a common picture, namely, nonadiabatic
transition [7, 11, 12] in a time-dependent Hamiltonian
from the ground state to excited states [13].

Today, geometric effects in electron dynamics have be-
come a central research topic in condensed matter [14,
15]. In adiabatic processes, it is known that electrons
acquiring a geometric phase provoke exotic effects such
as quantum Hall effect [16, 17]. On the other hand, the
importance of geometric effects in nonadiabatic processes
have been overlooked except for a few examples such as
the geometric amplitude factor [4, 18, 19] and counterdia-
batic driving [20–22]. We specifically consider the tunnel-
ing process in fermionic systems described by the Dirac
or Weyl Hamiltonian that is driven by a rotating electric
field Ex + iEy = EeiΩt. When the trajectory of the field
have a curvature, differently from DC and linearly polar-
ized fields, nonadiabatic geometric effects are induced,

and we refer to the pair creation in such systems as the
“twisted Schwinger effect”. In a condensed matter frame-
work, a rotating electric field is created by a circularly
polarized laser [23–25], or shaking an optical lattice [26],
while in high energy physics, it mimics the field created
by ions passing by each other in heavy ion collision ex-
periments [27]. The rotating electric fields are known to
induce valley polarization [28, 29] and circular photogal-
vanic effect in 2D and 3D Dirac/Weyl materials [30, 31],
respectively. Due to the development of strong coherent
lasers, theoretical developments in the nonperturbative
regime are being awaited.

Previously, AC extensions of the Schwinger effect were
studied for linearly polarized fields Ex = E cos(Ωt) [5, 6].
With no geometric effects, the results are qualitatively
the same as strong field ionization [32], equivalently,
the problem of a particle escaping from an oscillating
trap [33]. It is characterized by multiphoton excitation,
and exponentially suppressed tunneling, where the tun-
neling threshold is known as the Schwinger limit [1–3].
Below, we show that geometric effects drastically change
this picture. Through this study, we find a contrast be-
tween perturbative and nonperturbative phenomena in-
duced by electric fields. The former can be understood
via Fermi’s golden rule taking into account the energy-
momentum conservation law and the optical selection
rule. However, in the latter, driving by strong coher-
ent fields break the conservation law, and nonadiabatic
geometric effects dictate the physics.

Twisted Landau-Zener model– We demonstrate the
nonadiabatic geometric effects in a two level Hamiltonian
with a parameter q defined by

Ĥ(q) = mσ̂z + vqσ̂x +
1

2
κ‖v

2q2σ̂y, (1)

where σ̂j (j = x, y, z) is the Pauli matrix, m is the gap,
and v the energy slope. We use the unit h̄ = c =
1. If we regard the coefficients of the Pauli matrices
x(q) = (vq, 1

2κ‖v
2q2,m) as a trajectory in the three-

dimensional (3D) space, it defines a curve and κ‖ is the
curvature around the gap minimum in the parameter
space [Fig. 1(a)]. The case of κ‖ = 0 corresponds to the
Landau-Zener (LZ) Hamiltonian [7, 11]. The instanta-
neous energy of this Hamiltonian is plotted in Fig. 1(b).
The tunneling probability P (F ) for a linear parameter
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FIG. 1. Twisted LZ model: (a) Schematic picture of the
LZ tunneling with curvature in parameter space. (b) Instan-
taneous energy of the Hamiltonian Eq. (1) with (m, v,κ‖) =
(0.1, 1, 1) and schematic picture for quantum tunneling. (c)
Tunneling probability P (F ) for Eq. (1) with a parameter
sweep q = −Ft obtained numerically. The parameters
are (m, v,κ‖) = (0.1, 1, 0), (0, 1, 1), (0.1, 1, 1) for the black
dashed, blue dotted and red solid lines.

sweep q = −Ft in Eq. (1) is given as [35]

P (F ) = exp

[
− π

(m+ κ‖vF/4)
2

|vF |

]
. (2)

Comparing this expression with the LZ formula, we no-
tice that the effective tunneling gap becomes ∆eff =
2m+κ‖vF/2, which is modified by the geometric ampli-
tude factor. The model Eq. (1) is a quadratic expansion
of the twisted LZ model introduced by M. V. Berry [4].
The model shows interesting geometric properties listed
below.
Rectification: The tunneling probability depends on
the sign of F and rectification happens [4], i.e., the ratio
γ(F ) ≡ P (|F |)/P (−|F |) = exp(−πmκ‖) deviates from
unity for m #= 0 [Fig. 1(c)].
Perfect tunneling: For m #= 0, P (F ) peaks out and
approaches unity, at a sweeping speed FPT = −4m/(κ‖v)
when ∆eff = 0 takes place as indicated by an arrow in
Fig. 1(c).
Counterdiabaticity: For large |F |, P (F ) decreases as
exp(−πκ2

‖|vF |/16). In the extreme case of m = 0, the
tunneling probability is a monotonically decreasing func-
tion of speed.
Twisted Schwinger effect in 2D Dirac fermions– We

study the effect of rotating electric fields in 2D Dirac
fermions. We introduce the field as gauge poten-
tial A = A(− sin(Ωt), cos(Ωt)) [electric field E =
E(cos(Ωt), sin(Ωt)) (E = AΩ > 0)], and the effective
Hamiltonian for the fermions with chirality ξ = ± is given
as

Ĥ = v[ξ(kx + eAx)σ̂
x + (ky + eAy)σ̂

y] +mσ̂z, (3)

where e (> 0) is the elementary charge, v is the Fermi
velocity, and m (> 0) is the mass parameter. This model
has implication to valleytronics in 2D materials such as
monolayer transition metal dichalcogenide (TMD) and
graphene [36, 37], where laser-induced valley polarization

(b)(a)(a) (b)

FIG. 2. 2D gapped Dirac fermion: (a) Schematic picture
of pair excitations at the two valleys. (b) The wavenum-
ber dependence of the production probability Pξ(k). The
parameters are (Ω/m, eEa2/v) = (1, 1), (5, 1), (5, 0.01) and
ma/v = 0.5, where a is the lattice constant.

is demonstrated [28, 29, 34, 38–41]. In these materials,
the chirality ξ corresponds to the valley index specifying
the two Dirac points Kξ in the dispersion. We assume
that the Fermi energy is zero, and the time evolution
starts from a zero temperature ground state. After the
field is switched on at t = 0, nonadiabatic processes take
place creating fermion-antifermion pairs. In this system,
the laser frequency Ω plays the role of the speed param-
eter F in the twisted LZ model. We allow Ω to be pos-
itive or negative which corresponds to the helicity spec-
ifying left or right circular polarization. The fermion-
antifermion production probability per cycle of the laser
field, is obtained from the tunneling formula Eq. (2) as

Pξ(k) = exp

[
− π

(
M − ξΩm

4M

)2

veE

]
, (4)

where we defined M =
√
v2(|k|− eE/(|Ω|))2 +m2.

In Fig. 2(b), we plot the production probability for
several Ω. We see that there is a strong chirality de-
pendence, and the sign of ξΩ determines whether exci-
tations are “optically allowed” (ξΩ > 0) or “optically
forbidden” (ξΩ < 0). This difference originates from the
geometric amplitude factor. In this sense, the optical se-
lection rule [28, 29] in perturbative optics is replaced by
the nonadiabatic geometric effects when nonperturbative
strong field excitations are considered. The ratio of the
production rates between the two chiralities

γ =
P+(k)

P−(k)
= exp

(πξΩm
veE

)
(5)

is independent of the wavenumber. In the gapless case, as
in graphene, γ is unity and there is no valley dependence.
When the gap parameter m is finite, as in monolayer
TMD, imbalance becomes finite and the ratio exponen-
tially grows or decays with increasing |Ω|/E.

The production probabilities have peaks as shown in
Fig. 2(b). We can understand the peak structure from
the wavenumber dependent effective mass parameter in

1

P (F ) = exp


� ⇡

(m+ kvF/4)
2

|vF |

�
.

P (F ) = exp


� ⇡

m2

|vF |

�
.

� =
⌦

⇠E

L(E) = � lim
t!1

i

tV
lnh0|T̂ e�i

R ⌧
0 EX̂(s)ds

|0i

ReL(E) = �E

Z

BZ

dk

(2⇡)d
�̃(k)

2⇡

ImL(E) = �E

Z

BZ

dk

(2⇡)d
1

4⇡
ln[1� p(k)]

⌅(t) ⇠ eitV L(E)

⌅(t) = h 0(�(t))|T̂ e
�i

R t
0 H(�(s))ds

| 0(�(0))ie
i
R t
0 E0(A(s))ds
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Ĥ(�)

{"n(�), | n(�)i}

�n =

Z
�t

�0

d�h n|i@�| ni

| (t)i ' | n(�(t))ie
�i

R t
0 dt"n(�(t))ei�n

| (t)i '
p

1� P | n(�(t))ie
�i

R t
0 dt"n(�(t))ei�̃n +O(

p

P )

�̃n = �n + correction

�̃ =

Z
�t

�0

d�h n|i@�| ni+ . . .

Landau-Zener formula



Twisted Landau-Zener model

2

(a) (b) (c)

LZ
LZ with
curvature

Gap minimum Tu
nn

el
in

g 
pr

ob
ab

ili
ty

In
st

an
ta

ne
ou

s e
ne

rg
y

FIG. 1. Twisted LZ model: (a) Schematic picture of the
LZ tunneling with curvature in parameter space. (b) Instan-
taneous energy of the Hamiltonian Eq. (1) with (m, v,κ‖) =
(0.1, 1, 1) and schematic picture for quantum tunneling. (c)
Tunneling probability P (F ) for Eq. (1) with a parameter
sweep q = −Ft obtained numerically. The parameters
are (m, v,κ‖) = (0.1, 1, 0), (0, 1, 1), (0.1, 1, 1) for the black
dashed, blue dotted and red solid lines.

sweep q = −Ft in Eq. (1) is given as [35]

P (F ) = exp

[
− π

(m+ κ‖vF/4)
2

|vF |

]
. (2)

Comparing this expression with the LZ formula, we no-
tice that the effective tunneling gap becomes ∆eff =
2m+κ‖vF/2, which is modified by the geometric ampli-
tude factor. The model Eq. (1) is a quadratic expansion
of the twisted LZ model introduced by M. V. Berry [4].
The model shows interesting geometric properties listed
below.
Rectification: The tunneling probability depends on
the sign of F and rectification happens [4], i.e., the ratio
γ(F ) ≡ P (|F |)/P (−|F |) = exp(−πmκ‖) deviates from
unity for m #= 0 [Fig. 1(c)].
Perfect tunneling: For m #= 0, P (F ) peaks out and
approaches unity, at a sweeping speed FPT = −4m/(κ‖v)
when ∆eff = 0 takes place as indicated by an arrow in
Fig. 1(c).
Counterdiabaticity: For large |F |, P (F ) decreases as
exp(−πκ2

‖|vF |/16). In the extreme case of m = 0, the
tunneling probability is a monotonically decreasing func-
tion of speed.
Twisted Schwinger effect in 2D Dirac fermions– We

study the effect of rotating electric fields in 2D Dirac
fermions. We introduce the field as gauge poten-
tial A = A(− sin(Ωt), cos(Ωt)) [electric field E =
E(cos(Ωt), sin(Ωt)) (E = AΩ > 0)], and the effective
Hamiltonian for the fermions with chirality ξ = ± is given
as

Ĥ = v[ξ(kx + eAx)σ̂
x + (ky + eAy)σ̂

y] +mσ̂z, (3)

where e (> 0) is the elementary charge, v is the Fermi
velocity, and m (> 0) is the mass parameter. This model
has implication to valleytronics in 2D materials such as
monolayer transition metal dichalcogenide (TMD) and
graphene [36, 37], where laser-induced valley polarization
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FIG. 2. 2D gapped Dirac fermion: (a) Schematic picture
of pair excitations at the two valleys. (b) The wavenum-
ber dependence of the production probability Pξ(k). The
parameters are (Ω/m, eEa2/v) = (1, 1), (5, 1), (5, 0.01) and
ma/v = 0.5, where a is the lattice constant.

is demonstrated [28, 29, 34, 38–41]. In these materials,
the chirality ξ corresponds to the valley index specifying
the two Dirac points Kξ in the dispersion. We assume
that the Fermi energy is zero, and the time evolution
starts from a zero temperature ground state. After the
field is switched on at t = 0, nonadiabatic processes take
place creating fermion-antifermion pairs. In this system,
the laser frequency Ω plays the role of the speed param-
eter F in the twisted LZ model. We allow Ω to be pos-
itive or negative which corresponds to the helicity spec-
ifying left or right circular polarization. The fermion-
antifermion production probability per cycle of the laser
field, is obtained from the tunneling formula Eq. (2) as

Pξ(k) = exp

[
− π

(
M − ξΩm

4M

)2

veE

]
, (4)

where we defined M =
√
v2(|k|− eE/(|Ω|))2 +m2.

In Fig. 2(b), we plot the production probability for
several Ω. We see that there is a strong chirality de-
pendence, and the sign of ξΩ determines whether exci-
tations are “optically allowed” (ξΩ > 0) or “optically
forbidden” (ξΩ < 0). This difference originates from the
geometric amplitude factor. In this sense, the optical se-
lection rule [28, 29] in perturbative optics is replaced by
the nonadiabatic geometric effects when nonperturbative
strong field excitations are considered. The ratio of the
production rates between the two chiralities

γ =
P+(k)

P−(k)
= exp

(πξΩm
veE

)
(5)

is independent of the wavenumber. In the gapless case, as
in graphene, γ is unity and there is no valley dependence.
When the gap parameter m is finite, as in monolayer
TMD, imbalance becomes finite and the ratio exponen-
tially grows or decays with increasing |Ω|/E.

The production probabilities have peaks as shown in
Fig. 2(b). We can understand the peak structure from
the wavenumber dependent effective mass parameter in
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The Schwinger effect, i.e., pair production of
particles from the vacuum in electric fields, is per-
haps one of the oldest theoretical predictions in
quantum field theory [1–3]. Here, we consider
a “twisted” version of this effect in Dirac sys-
tems driven by strong rotating electric fields. The
curvature in the field trajectory leads to nona-
diabatic geometric effects that drastically change
the pair distribution depending on the chirality of
the particles. The Schwinger limit, which is the
tunneling threshold, even vanishes for particles
with an optically allowed chirality. These effects
are explained through the twisted Landau-Zener
model proposed by M. V. Berry providing an an-
alytical understanding in terms of the geometric
amplitude factor [4]. As a condensed matter re-
alization, we predict a nonperturbative extension
of the optically induced valley polarization in 2D
Dirac materials. Furthermore, in 3D Dirac mate-
rials with spin-orbit coupling, we predict genera-
tion of a nonlinear spin current in the direction
of the laser propagation.

Creation of fermion-antifermion pairs in strong electric
fields have been studied in several branches of physics and
is known by different names, such as the Schwinger effect
in nonlinear quantum electrodynamics [1–3, 5, 6], or di-
electric breakdown of insulators in solid state physics [7–
10]. Despite the different energy scales, they can be un-
derstood with a common picture, namely, nonadiabatic
transition [7, 11, 12] in a time-dependent Hamiltonian
from the ground state to excited states [13].

Today, geometric effects in electron dynamics have be-
come a central research topic in condensed matter [14,
15]. In adiabatic processes, it is known that electrons
acquiring a geometric phase provoke exotic effects such
as quantum Hall effect [16, 17]. On the other hand, the
importance of geometric effects in nonadiabatic processes
have been overlooked except for a few examples such as
the geometric amplitude factor [4, 18, 19] and counterdia-
batic driving [20–22]. We specifically consider the tunnel-
ing process in fermionic systems described by the Dirac
or Weyl Hamiltonian that is driven by a rotating electric
field Ex + iEy = EeiΩt. When the trajectory of the field
have a curvature, differently from DC and linearly polar-
ized fields, nonadiabatic geometric effects are induced,

and we refer to the pair creation in such systems as the
“twisted Schwinger effect”. In a condensed matter frame-
work, a rotating electric field is created by a circularly
polarized laser [23–25], or shaking an optical lattice [26],
while in high energy physics, it mimics the field created
by ions passing by each other in heavy ion collision ex-
periments [27]. The rotating electric fields are known to
induce valley polarization [28, 29] and circular photogal-
vanic effect in 2D and 3D Dirac/Weyl materials [30, 31],
respectively. Due to the development of strong coherent
lasers, theoretical developments in the nonperturbative
regime are being awaited.

Previously, AC extensions of the Schwinger effect were
studied for linearly polarized fields Ex = E cos(Ωt) [5, 6].
With no geometric effects, the results are qualitatively
the same as strong field ionization [32], equivalently,
the problem of a particle escaping from an oscillating
trap [33]. It is characterized by multiphoton excitation,
and exponentially suppressed tunneling, where the tun-
neling threshold is known as the Schwinger limit [1–3].
Below, we show that geometric effects drastically change
this picture. Through this study, we find a contrast be-
tween perturbative and nonperturbative phenomena in-
duced by electric fields. The former can be understood
via Fermi’s golden rule taking into account the energy-
momentum conservation law and the optical selection
rule. However, in the latter, driving by strong coher-
ent fields break the conservation law, and nonadiabatic
geometric effects dictate the physics.

Twisted Landau-Zener model– We demonstrate the
nonadiabatic geometric effects in a two level Hamiltonian
with a parameter q defined by

Ĥ(q) = mσ̂z + vqσ̂x +
1

2
κ‖v

2q2σ̂y, (1)

where σ̂j (j = x, y, z) is the Pauli matrix, m is the gap,
and v the energy slope. We use the unit h̄ = c =
1. If we regard the coefficients of the Pauli matrices
x(q) = (vq, 1

2κ‖v
2q2,m) as a trajectory in the three-

dimensional (3D) space, it defines a curve and κ‖ is the
curvature around the gap minimum in the parameter
space [Fig. 1(a)]. The case of κ‖ = 0 corresponds to the
Landau-Zener (LZ) Hamiltonian [7, 11]. The instanta-
neous energy of this Hamiltonian is plotted in Fig. 1(b).
The tunneling probability P (F ) for a linear parameter
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